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The Wavelength Dependence of the Yule-Nielsen Factor 
Joseph M. Janiak 
Abstract
A common problem in the printing industry today is optical dot gain. Optical dot gain is popularly thought to be
caused by light scatter in paper 1. Another name for the scattering of light in a paper substrate is the Yule -
Nielsen effect. The Yule-Nielsen effect is described in the following equation:
R(1/n) = Fo Ri (1/n) + ( 1 - Fo) Rp(1/n) ( 1 ) 
This research involves studying the n
factor of this equation. This factor is an index of the amount of optical dot gain and is highly correlated with the
scattering coefficient of the paper. The n
factor is already known to be wavelength dependent. The purpose of my research is to find out what causes n to 
be wavelength dependent. The factors considered were the color of ink, the opacity of the ink, the halftone dot
pattern, and the degree of penetration into the paper. After completing my research I found that the relationship
between n
and wavelength was very similar to the absorbance spectra of the inks used. This suggested that the color of ink
was the largest factor in making n wavelength dependent. 
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When light enters paper between halftone dots it scatters. The scattering process increases the
probability the light will hit a dot and be absorbed. The Yule-Nielsen effect is the name given
to the phenomenon observed that reflectance of a halftone is lower than predicted by the
Murray-Davies equation (2). (See Figure 1.) In the Yule-Nielsen equation (1) we use the "n"
factor to compensate for the observation that the reflectance we measure is smaller than the
reflectance from the Murray-Davies equation (2) 2.
 
R(1/n) = Fo Ri (1/n) + ( 1 - Fo) Rp(1/n) ( 1 )
 
In this equation, Fo is the actual dot area fraction, Ri is the reflectance of the ink, Rp is the
reflectance of the paper, and the reflectance of the image is represented by R. Ri is the 
reflectance of the ink measured when Fo is equal to 1. Rp is the reflectance when Fo equals 0. 
The factor I studied in my research was n. As n goes to infinity, the Yule-Nielsen equation 
begins to behave like the Beer-Lambert law 3. The case when n approaches infinity leads to a 
linear relationship between -log(R) and Fo. The Yule-Nielsen factor n is used to fit the
theoretical points of n versus wavelength to the actual points.
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Figure 1: Plot of theoretically calculated reflectance vs. dot fraction
 
Figure 2: Plot of theoretically calculated (diamonds) and actual (squares) reflectance vs. dot 
fraction 
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In a Beer-Lambert system, light is not scattered by the absorbing layer. A Beer-Lambert
reflector is a non-scattering absorbing layer (the ink) that is on top of a highly scattering layer
(the paper). In most cases n usually ranges from 1 to 2. Theoretical analysis suggests that n
equal to 2 is a theoretical limit unless factors other than the optical scattering of light are
involved 4. (See Figure 2.)
The Yule-Nielsen equation is essentially a modification of the Murray-Davies equation:
 
R( F ) = Fo Ri + ( 1 - F ) Rp ( 2 )
 
As in the Yule - Nielsen equation, in the Murray-Davies equation, Fo represents the dot area 
fraction. Ri refers to the reflectance of the ink and Rp represents the reflectance of the paper 5.
The Yule-Nielsen equation can be reduced to the Murray-Davies equation if n is equal to 1. 
This would mean that the light did not scatter laterally.
There were four variables I looked at in my research involving the wavelength dependence of
n
in the Yule-Nielsen equation. These four are 1. Colorant Absorption Spectrum, 2. Paper




1. Colorant Absorption Spectrum
In my research colorant absorption was controlled by using three different colorants: cyan,
magenta, and yellow. Each colorant has a distinct absorption spectrum. Correlations between
absorption and n were examined during this research.
 
2. Paper Substrate
During my research I used two types of paper. One was ordinary copy paper and the other was
coated paper designed for an ink jet. The coating is used to control mechanical dot gain or the
physical spread of ink after it hits paper. I used two different paper substrates to see if it has an
effect on n.
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3. Opacity of Colorant
The third variable I looked at in my research was the opacity of the colorant. This was
controlled by creating samples with the use of a laser printer and an offset printer. The laser
printer (Laser Jet 5) used opaque toner, while the offset printer used transparent ink. When
opaque ink was used in the experiment, scattering within the absorbing layer is more intense
than when transparent ink is used 6.
 
4. Halftone Pattern
The final variable examined was halftone pattern. This was done by using AM and FM
halftones during the experiment. The AM halftone used was a clustered dot halftone, and the
FM halftone used was error-diffused. AM halftone dots are printed at fixed distances from
each other, and gray scale is controlled by varying the size of the dots. In FM halftones the
dots are always the same size, and the gray scale is controlled by the distance between the
dots. AM halftones are always placed in a regular pattern while FM halftones are generally
placed in a random order. The most common shapes of the dots in a clustered dot halftone are
elliptical, round, or diamond shaped.
Another way AM halftoning is different than FM halftoning is that FM halftones allow a
decision to be made whether a dot is placed in a particular area or not. The particular FM
halftone method used in my research is the error diffused method. Error diffused halftones
create sharper contours, and the overall contrast is higher 7. Due to their adaptivity, error





as a function of four variables was studied, a series of samples were created. In the first
segment of this experiment, samples were printed to be tested. The majority of these samples
were created by me with the use of a HP Laser Jet 5 printer and a desktop computer. When
looking how offset printing affected n, samples that had been previously created were used.
Previously generated samples were also used for the error-diffused and clustered dot samples.
The array of samples created can be seen in table 1:
 
Table I: Summary of Experimental Conditions
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EP, toner Yellow Blue Non-coated Experimental 5
EP, toner Magenta Blue Non-coated Experimental 5
EP, toner Cyan Blue Non-coated Experimental 5
EP, toner Yellow White Coated Experimental 5,9,10
EP, toner Magenta White Coated Experimental 5,7,8,9,10
EP, toner Cyan White Coated Experimental 5,9,10
EP, toner Yellow White Non-Coated Experimental 5
EP, toner Magenta White Non-Coated Experimental 6,7,8,9,10
EP, toner Cyan White Non-Coated Experimental 5,9,10
EP, toner Magenta Yellow Non-Coated Experimental 7,8
EP, toner Magenta Blue Non-Coated Experimental 7,8
Offset, Ink Magenta White Coated Error Diff. 7,8,9,10
Offset, Ink Yellow White Coated Error Diff. 9,10 
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As stated in the table, an experimental halftone was used. This halftone modulated F by
changing the width of the lines in the halftone. Initially all of the lines are horizontal. At a later
point as F increases, vertical lines are placed over the horizontal lines.
 
Figure 3: Experimental Halftone Used During Part of Research
 
 
The dot area fraction in every sample was measured with the use of a microdensitometer. Each
sample page had three essential elements on it. During the creation of the samples, a signal
was sent to the printer to print a solid ink patch. Therefore this would have a dot area of 100%.
This was the first essential element. The second essential element on each of the sample test
pages was simply space where no patches were printed. The space with no ink on it was used
to find the reflectance of the paper. Finally, the third element was the test ramp.
After each of the sample test pages were printed and measured with a microdensitometer. A
reflectance spectrum for each of the 3 essential elements on the test pages was measured. This
was done with the use of a spectrophotometer in the Munsell Color Lab located in the
Rochester Institute of Technology. The reflectances for the sample test patch with an
approximately 50 percent dot area, the patch with a 100 percent dot area, and the area on the
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paper where no ink is located were found. The wavelengths were divided into 10 nm intervals
ranging from 400 nm to 730 nm. The reflectances of the paper, 100% dot area patch, and test
patch were then placed into the Yule-Nielsen equation:
 
R(1/n) = Fo Ri (1/n) + ( 1 - Fo) Rp(1/n) ( 1 )
 
The known values were placed into a Microsoft Excel spreadsheet and the n values were 
found by placing values for n
into the Yule-Nielsen equation until the right and left sides of the equation equaled each other.
After n was found for each series of wavelengths, plots of n versus wavelength were 
generated. (See Figures 5, 7, and 9.) Plots of absorbance versus wavelength were also looked





Initially the results I found during my research were found to be erroneous. This was caused
by using the incorrect area for 100% dot coverage on the print ramps created.
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Figure 4: Reflectance vs. Dot Fraction
 
By using the endpoint shown in Figure 4, (R=0.05) results with n values less than 1 were 
found. The following figure shows the results found:
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Figure 5: Uncorrected n vs. Wavelength
 
The preliminary results were corrected by using a different endpoint (R=0.2) in the reflectance
versus dot fraction graph. (See Figure 6.)
 
Figure 6: Reflectance vs. Dot Fraction
 
This correction changed the plots of n
versus absorbance (Figure 7 and Figure 9.) and absorbance versus wavelength (Figure 8 and
Figure 10.) for the combinations tested. The four plots were done to examine if there is a
relationship between n 
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Figure 7: n vs. Wavelength for Magenta Colorant
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Figure 8: Absorbance vs. Wavelength for Magenta Colorant
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Figure 9: n vs. Wavelength
 
Figure 10: Absorbance vs. Wavelength
 
 
The results can be summarized as follows:
1. Colorant Absorption Spectrum
When looking at Figures 7, 8, 9, and 10 it can be seen that n was a function of absorbance. In 
each case studied as n increased absorbance increased.
 
2. Opacity of Colorant
The use of electrophotography(Laser Jet 5) resulted in larger values of n when compared to 
the samples in which offset printing was used. This was evident in Figures 7 and 9.
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3. Paper Substrate
The use of ink jet paper resulted in larger values of n when compared to the results after using 
copier paper. It was seen though that the impact on n was not as large as the impact the opacity
of colorant had on n.
 
4. Halftone Pattern
When looking at figure 7 it can be seen that the use of clustered dot halftones resulted in larger




This research was successful in showing that n was a function of colorant absorbance. In my
research, an increase in absorbance resulted in an increase in n. This is different than what was 
seen in past research conducted at R.I.T by Dr. Roy Berns 8. Therefore, additional research is
needed to be done to prove an increase in absorbance leads to a increase in n. Changing the 
opacity of ink had a larger impact on n
as compared to differing the paper substrate and halftone pattern. The use of
electrophotography resulted in larger values of n as compared to using an offset printer.
Further study is needed to further determine if factors other than scattering and absorbance are
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